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Connectivity oracles for vertex failures
preprocessing

𝐺 = (𝑉, 𝐸)
|𝑉 | = 𝑛, |𝐸 | = 𝑚
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𝑂(𝑛𝑚) 𝑂(𝑑6) 𝑂(𝑑) [Duan–Pettie, STOC’10]
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𝑠 𝑡
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𝑂(𝑛𝑚) 𝑂(𝑑6) 𝑂(𝑑) [Duan–Pettie, STOC’10]

# new CCs ⩾ poly(𝑑)

∑
𝑢∈𝐷 deg𝑢 ⩾ poly(𝑑)
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preprocessing update query
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|𝐷| ⩽ 𝑑 “Are 𝑠 and 𝑡 connected in 𝐺\𝐷?”|𝑉 | = 𝑛, |𝐸 | = 𝑚

𝑂(𝑛𝑚) 𝑂(𝑑6) 𝑂(𝑑) [Duan–Pettie, STOC’10]

poly(𝑛) poly(𝑑) 𝑑1−𝑜(1) ← lower bound [Henzinger et al., STOC’15]
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𝑂(𝑛𝑚) 𝑂(𝑑6) 𝑂(𝑑) [Duan–Pettie, STOC’10]

poly(𝑛) poly(𝑑) 𝑑1−𝑜(1) ← lower bound [Henzinger et al., STOC’15]

𝑂(𝑛𝑚) 𝑂(𝑑2) 𝑂(𝑑) [Duan–Pettie, SODA’17]

𝑂(𝑑𝑚) 𝑂(𝑑2) 𝑂(𝑑) [Long–Saranurak, FOCS’22](deterministic)
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𝑂(𝑛𝑚) 𝑂(𝑑2) 𝑂(𝑑) [Duan–Pettie, SODA’17]

𝑂(𝑑𝑚) 𝑂(𝑑2) 𝑂(𝑑) [Long–Saranurak, FOCS’22](deterministic)

Also tight!
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poly(𝑛) poly(𝑑) 𝑑1−𝑜(1) ← lower bound [Henzinger et al., STOC’15]

𝑂(𝑛𝑚) 𝑂(𝑑2) 𝑂(𝑑) [Duan–Pettie, SODA’17]

𝑂(𝑑𝑚) 𝑂(𝑑2) 𝑂(𝑑) [Long–Saranurak, FOCS’22](deterministic)

𝑂(𝑑𝑚) 𝑂(𝑑4) 𝑂(𝑑) [Kosinas, ESA’23](simple!)
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|𝐷| ⩽ 𝑑 “Are 𝑠 and 𝑡 connected in 𝐺\𝐷?”|𝑉 | = 𝑛, |𝐸 | = 𝑚
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Can we beat the lower bound
if we roughly predict which vertices are going to fail?
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𝐺 = (𝑉, 𝐸)
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Connectivity oracles for predictable vertex failures

𝐺 = (𝑉, 𝐸), 𝐷̂ ⊆ 𝑉

𝐷̂
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𝐷

preprocessing update

𝐺 = (𝑉, 𝐸) 𝐷 ⊆ 𝑉
|𝐷| ⩽ 𝑑|𝑉 | = 𝑛, |𝐸 | = 𝑚

Connectivity oracles for predictable vertex failures

𝐺 = (𝑉, 𝐸), 𝐷̂ ⊆ 𝑉

𝐷̂
|𝐷̂| ⩽ 𝑑 |𝐷̂△𝐷| ⩽ 𝜼 ← prediction error
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𝑠 𝑡

𝐷

preprocessing update query

𝐺 = (𝑉, 𝐸) 𝐷 ⊆ 𝑉 𝑠, 𝑡 ∈ 𝑉 \ 𝐷
|𝐷| ⩽ 𝑑 “Are 𝑠 and 𝑡 connected in 𝐺\𝐷?”|𝑉 | = 𝑛, |𝐸 | = 𝑚

𝑂(𝑛𝑚) 𝑂(𝑑6) 𝑂(𝑑) [Duan–Pettie, STOC’10]

poly(𝑛) poly(𝑑) 𝑑1−𝑜(1) ← lower bound [Henzinger et al., STOC’15]

Connectivity oracles for predictable vertex failures

𝐺 = (𝑉, 𝐸), 𝐷̂ ⊆ 𝑉

𝐷̂
|𝐷̂| ⩽ 𝑑 |𝐷̂△𝐷| ⩽ 𝜼 ← prediction error

Goal: query time≪ 𝑑 (possible only when 𝜂 ≪ 𝑑)
Ideal: query time = 𝑂(𝜂) (has to be at least 𝜂1−𝑜(1) )

still applies when 𝐷̂ = ∅, 𝜂 = 𝑑
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𝑠 𝑡

𝐷

preprocessing update query

𝐺 = (𝑉, 𝐸) 𝐷 ⊆ 𝑉 𝑠, 𝑡 ∈ 𝑉 \ 𝐷
|𝐷| ⩽ 𝑑 “Are 𝑠 and 𝑡 connected in 𝐺\𝐷?”|𝑉 | = 𝑛, |𝐸 | = 𝑚

𝑂(𝑛𝑚) 𝑂(𝑑6) 𝑂(𝑑) [Duan–Pettie, STOC’10]

poly(𝑛) poly(𝑑) 𝑑1−𝑜(1) ← lower bound [Henzinger et al., STOC’15]

Connectivity oracles for predictable vertex failures

𝐺 = (𝑉, 𝐸), 𝐷̂ ⊆ 𝑉

𝐷̂
|𝐷̂| ⩽ 𝑑 |𝐷̂△𝐷| ⩽ 𝜼 ← prediction error

𝑂(𝑑𝑚) 𝑂(𝜼4) 𝑂(𝜼) [Hu–Kosinas–P., ESA’24]

Goal: query time≪ 𝑑 (possible only when 𝜂 ≪ 𝑑)
Ideal: query time = 𝑂(𝜂) (has to be at least 𝜂1−𝑜(1) )

✓
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preprocessing update query
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poly(𝑛) poly(𝑑) 𝑑1−𝑜(1) ← lower bound [Henzinger et al., STOC’15]

Connectivity oracles for predictable vertex failures

𝐺 = (𝑉, 𝐸), 𝐷̂ ⊆ 𝑉

𝐷̂
|𝐷̂| ⩽ 𝑑 |𝐷̂△𝐷| ⩽ 𝜼 ← prediction error

𝑂(𝑑𝑚) 𝑂(𝜼4) 𝑂(𝜼) [Hu–Kosinas–P., ESA’24]

𝑂(𝑑3𝑚) [Henzinger–Neumann, ESA’16]𝑂(𝜂4) 𝑂(𝜂2)
▶ 𝐷̂ = initially inactive vertices, 𝐷̂ \ 𝐷 = reactivations, 𝐷 \ 𝐷̂ = deactivations
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Connectivity oracles for predictable vertex failures

𝐺 = (𝑉, 𝐸), 𝐷̂ ⊆ 𝑉

𝐷̂
|𝐷̂| ⩽ 𝑑 |𝐷̂△𝐷| ⩽ 𝜼 ← prediction error

𝑂(𝑑𝑚) 𝑂(𝜼4) 𝑂(𝜼) [Hu–Kosinas–P., ESA’24]

𝑂(𝑑3𝑚) [Henzinger–Neumann, ESA’16]𝑂(𝜂4) 𝑂(𝜂2)
𝑂(𝑛𝜔) [van den Brand–Saranurak, FOCS’19]𝑂(𝜂𝜔) 𝑂(𝜂2)
▶ directed graphs, edge deletions/insertions can simulate node de-/re-activation
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𝑂(𝑑𝑚) 𝑂(𝜼4) 𝑂(𝜼) [Hu–Kosinas–P., ESA’24]

𝑂(𝑑3𝑚) [Henzinger–Neumann, ESA’16]𝑂(𝜂4) 𝑂(𝜂2)
𝑂(𝑛𝜔) [van den Brand–Saranurak, FOCS’19]𝑂(𝜂𝜔) 𝑂(𝜂2)
𝑂(𝑑𝑚) [Long–Wang, ICALP’24]𝑂(𝜂2) 𝑂(𝜂)
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Technical sneak peek, more serious

𝐺 \ 𝐷̂ 𝐷̂

DFS tree

|𝐷̂ \ 𝐷| ⩽ 𝜂

|𝐷 \ 𝐷̂| ⩽ 𝜂
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“internal components”, # ⩽ 𝜂

“hanging subtrees”, plentiful
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Technical sneak peek, DFS tree decomposition

“internal components”, # ⩽ 𝜂

“hanging subtrees”, plentiful
continous interval
in DFS numbering
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Technical sneak peek, the auxiliary graph

t
s



thank you!


