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LCS: Given two sequences of length n, determine the length of
their longest common subsequence

@ LCS in O(n?) (textbook example of DP) [WF '74]
e LCS in O(n?/logn) [MP '80]

@ No LCS in O(n?¢) (unless SETH fails) [ABVW and BK '15]

SETH (Strong Exponential Time Hypothesis)
No O((2 — €)N) time algorithm for CNF-SAT on N variables
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Introduction

LCS: Given two sequences of length n, determine the length of
their longest common subsequence

@ LCS in O(n?) (textbook example of DP) [WF '74]
e LCS in O(n?/logn) [MP '80]
o LCIS in O(n?) [YHC "05]

@ No LCS in O(n?¢) (unless SETH fails) [ABVW and BK '15]

LCIS: Given two integer sequences of length n, determine the
length of their longest common increasing subsequence

Question: Can we solve LCIS in O(n?>¢)?
Our answer: NO (unless SETH fails)
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Proof overview

Orthogonal Vectors problem (OV)

Input: Two sets of d-dimensional (0, 1)-vectors
{Uo, daan Unfl}, {Vo, ceey anl} C {0, 1}d

Output:  wj, vj such that u; - v; =0

Thm: OV in O(n?>“poly(d)) time == SETH fails [Williams '05]

Plan: reduce OV to LCIS, needs two ingredients:

(1) Vector gadgets: (2) Glue:
uj, vi — U,',V,' X:U()OUlO'--OUnfl
(vectors) (sequences) Y=VyoVio---0V, 3

large LCIS(U;, V) iff uj-v; =0 large LCIS(X, Y) iff 3; j uj-v; =0
(You'd figure it out in 5 minutes) (Hard work happens here)
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Vector gadgets

For u/'s: Oatindex { — 20,20+1
OTUIS 1 atindex £ — 20,20
For v's: Oatindex ¢ — 20+1,2/
"7 latindex ! — 20+1,20+1
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Vector gadgets

Adam Polak

For u;'s:

For v;'s:

Example:

0 at index ¢
1 at index ¢

0 at index ¢
1 at index ¢

U;ZOlOl
vi=0011

Ll

20,20+ 1
20,20

20+1,20
20+1,20+1

U; = 01 22 45 66
V; =10 32 55 77
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Vector gadgets

For u/'s: Oatindex ¢/ — 20,20+1
CUST atindex ¢ —— 20,20
For v's: Oatindex ¢/ — 20+1,20
"7 latindex ! — 20+1,20+1
Example: uy=0101 — U;=01224566
P& yy=0011 — V,;=10325577

uj-vj=0+0+0+1
LCIS(U;, V) =1+ 14140
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Vector gadgets

For u/'s: Oatindex ¢/ — 20,20+1
CUST atindex ¢ —— 20,20
For v's: Oatindex ¢/ — 20+1,20
"7 latindex?{ — 20+41,20+1
Example: uy=0101 — U;=01224566
P& yy=0011 — V,;=10325577

ui+vi=0+0+0+1
LCIS(U;, V) =1+1+1+0

@ at most one of 2/ and 2¢ + 1 appears in LCIS
e it appears iff u;[¢] and v;[/] are not both 1
o LCIS(U,‘, VJ) =d— (U,‘ . VJ)
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Vector gadgets

For u/'s: Oatindex ¢/ — 20,20+1
CUST atindex ¢ —— 20,20
For v's: Oatindex ¢/ — 20+1,20
"7 latindex?{ — 20+41,20+1
Example: uy=0101 — U;=01224566
P& yy=0011 — V,;=10325577

ui+vi=0+0+0+1
LCIS(U;, V) =1+1+1+0

@ at most one of 2/ and 2¢ + 1 appears in LCIS
e it appears iff u;[¢] and v;[/] are not both 1

e LCIS(U;, V)) =d — (uj - vj)

e LCIS(U;,V)) > d iff uj- v =0
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Glue: separator sequences

LCIS(O[O .o Bo ... 6]) =d- (I' —‘rj) -+ const
reverse and negate A, B to obtain A, B
LCIS(G; ... An-1,B; ... PBn1) =d-(2n— i — j) + const
shift alphabets so that a5 < Ty,v; < X435

X =aglpbg a1Uiep oot apn_1Un_16n_1
Y = BoVolBo BiVifr «evean... Bn-1Va_18n-1
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Glue: separator sequences

LCIS(O[O .o B BJ) =d- (I' +J) -+ const
reverse and negate A, B to obtain A, B
LCIS(&; ... 4n 1,B; ... Bn1) =d-(2n— i —j) + const

shift alphabets so that X458 <Xy,v; <X;p

X = OéoUodo a1 Uléél ............... p_1 UnfloAénfl
Y = BoVoBo BiViB1 oo, Bn-1Va_1Bn-1
LCIS(X, Y) = const'+max LCIS(U;, V;)  (large iff 3; j uj-v; = 0)
I7.j
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Glue: separator sequences

LCIS(ao ... i, Bo...53;) = d - (i +j) + const
reverse and negate A, B to obtain A, B
LCIS(& ... an-1,Bj ... Bn-1) = d - (2n — i — j) + const

shift alphabets so that X458 <Xy,v; <X;p

X = (67 Uo(l)\(o (6751 Ul(/ifl ...... (},,'U,'(},' ... Op1 Unfl(/)\(nfl
Y = BoVofo SiVaPr ... BiViB;...... Bn-1Vn-1Bn-1
LCIS(X, Y) = const’ +maxT CIS(U;, V})  (large iff 3; j uj-v; = 0)
ihJ
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Separator sequences
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inﬂél‘r(‘,(ﬂg) tail gadget

A1‘1‘2‘3H4

5

inflate(3))  tail gadget

31\1‘2‘4“3

5
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Separator sequences

inflate(a)  tail gadget

A \ 1 ‘ 2 ‘ 3 \ 1] 5
o al

inﬂzltt‘(ﬂg) tail gadget

B \ 1 ‘ 9 ‘ 4 \ 35
el Bl
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inflate(a)  tail gadget

A1‘1‘2‘3‘4

5

0 1
ay aj

inﬂzlt(‘(ﬂg) tail gadget

Bil1|2]4]3]5
it i
inflate(ad) inflate(ad)
——
WOLELLE L
inflate( f(lj) inﬂate(.?} )
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Separator sequences

inflate(a)  tail gadget

A \ 1 ‘ 2 ‘ 3 \ 4] 5
o al
inflate(8]))  tail gadget
B, \ 1 ‘ 2 ‘ 4 \ 3]s
! B
inflate(ad) tail gadget inflate(ad) tail gadget
A2‘1‘2‘3‘4‘5‘6‘11H12‘13 718 9‘10‘11“12‘13‘
inflate(3) tail gadget inflate(3]) tail gadget
By 1]2]s|4|7s]e]ufs]s]e]o]w]]u]s]
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Separator sequences

inflate(a)  tail gadget

A, \ 1 ‘ 9 ‘ 3 \ 45
o al
inﬂzlt(‘(ﬂg) tail gadget
B \ 1 ‘ 9 ‘ 4 \ 35
! Bi
inflate(ad) tail gadget inflate(af) tail gadget
A2‘1‘2‘3‘4‘5‘6‘11 12‘13 7|8 9‘1()‘11‘12‘13
o al a3 o3
1111131,9(3(1]) tail gadget inﬂate(ﬁ}) tail gadget
32‘1‘2‘3‘4 7 8‘12 11‘13 5 6‘9‘10‘12‘11‘13
Y 53 B2 B3
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Our results

Unless SETH fails:

e No O(n?¢) time algorithm for LCIS, for any ¢ > 0
o If output size L is small:

e O(nLloglogn+ nlog n) time algorithm [KBKK '11]
e No O((nL)'~¢) time algorithm for LCIS, for any ¢ > 0

@ If number of input sequences k is greater than two:

o O(n¥) time algorithm for k-LCIS (folklore)
o No O(n*~¢) time algorithm for k-LCIS, for any £ > 0

SETH: Brute-force optimal for SAT on CNF formulas

No LCS in O(n*>~¢) time (unless SETH fails) [ABVW and BK '15]
No LCS in O(n?>~¢) time (unless BP-SETH fails) [AHVWW '16]
BP-SETH: Brute-force optimal for SAT on branching programs
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Our results

Unless SETH fails:
e No O(n?¢) time algorithm for LCIS, for any ¢ > 0
o If output size L is small:

e O(nLloglogn+ nlog n) time algorithm [KBKK '11]
e No O((nL)'~¢) time algorithm for LCIS, for any ¢ > 0

@ If number of input sequences k is greater than two:

o O(n¥) time algorithm for k-LCIS (folklore)
o No O(n*~¢) time algorithm for k-LCIS, for any £ > 0

SETH: Brute-force optimal for SAT on CNF formulas
No LCS in O(n*>~¢) time (unless SETH fails) [ABVW and BK '15]
No LCS in O(n?>~¢) time (unless BP-SETH fails) [AHVWW '16]

BP-SETH: Brute-force optimal for SAT on branching programs,
in particular: NC-circuits, o(/n)-memory non-deterministic TM
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Our results

Unless SETH fails:

e No O(n?¢) time algorithm for LCIS, for any ¢ > 0
o If output size L is small:
e O(nLloglogn+ nlog n) time algorithm [KBKK '11]
e No O((nL)'~¢) time algorithm for LCIS, for any £ > 0

@ If number of input sequences k is greater than two:

o O(n¥) time algorithm for k-LCIS (folklore)
o No O(n*~¢) time algorithm for k-LCIS, for any £ > 0

Same lower bounds also hold under BP-SETH
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Our results

Unless SETH fails:

e No O(n?¢) time algorithm for LCIS, for any ¢ > 0
o If output size L is small:
e O(nLloglogn+ nlog n) time algorithm [KBKK '11]
e No O((nL)'~¢) time algorithm for LCIS, for any £ > 0

@ If number of input sequences k is greater than two:

o O(n¥) time algorithm for k-LCIS (folklore)
o No O(n*~¢) time algorithm for k-LCIS, for any £ > 0

Same lower bounds also hold under BP-SETH
Same lower bounds also hold for LCWIS

(Longest Common Weakly Increasing Subsequence)
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e Can we solve LCIS in O(n?/log n) time?
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e Can we solve LCIS in O(n?/log n) time?
e Can we solve LCWIS in O(n?¢) for constant size alphabet?
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Open problems

e Can we solve LCIS in O(n?/log n) time?
e Can we solve LCWIS in O(n?¢) for constant size alphabet?

e For || = 3 we can, in linear time! [Duraj '13]
e What about |X| > 37
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e Can we solve LCWIS in O(n?¢) for constant size alphabet?

e Can we approximate LCIS faster than O(n'®)?
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Open problems

e Can we solve LCIS in O(n?/log n) time?
e Can we solve LCWIS in O(n?¢) for constant size alphabet?

e Can we approximate LCIS faster than O(n'®)?

(1 + €)-approximation of LCIS in O(n'®polylog(n)) time
@ Case 1: L < y/n/e, use O(nLloglog n) algorithm

@ Case 2: L > y/n/e

e delete elements occuring more than %\/n/s times
e at most \/ne such elements, output decreased by at most €L

nl

5 ) ) L. s
e reduced to s matching pairs, solve it in O(%polylog(n))
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e Can we solve LCIS in O(n?/log n) time?
e Can we solve LCWIS in O(n?¢) for constant size alphabet?

e Can we approximate LCIS faster than O(n'®)?

(1 + €)-approximation of LCIS in O(n'®polylog(n)) time
@ Case 1: L < y/n/e, use O(nLloglog n) algorithm

@ Case 2: L > y/n/e

. 1 .
o delete elements occuring more than 5./n/e times

e at most \/ne such elements, output decreased by at most €L
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n

5 ) ) L. s
e reduced to s matching pairs, solve it in O(%polylog(n))

@ Can we improve it?
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Open problems

e Can we solve LCIS in O(n?/log n) time?
e Can we solve LCWIS in O(n?¢) for constant size alphabet?

e Can we approximate LCIS faster than O(n'®)?

(1 + €)-approximation of LCIS in O(n'®polylog(n)) time
@ Case 1: L < y/n/e, use O(nLloglog n) algorithm

@ Case 2: L > y/n/e

e delete elements occuring more than %\/n/s times
e at most \/ne such elements, output decreased by at most €L

nl

5 ) ) L. s
e reduced to s matching pairs, solve it in O(%polylog(n))

@ Can we improve it? Would imply subcubic approx for 3-LCS
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Open problems

e Can we solve LCIS in O(n?/log n) time?
e Can we solve LCWIS in O(n?¢) for constant size alphabet?

e Can we approximate LCIS faster than O(n'®)?

(1 + €)-approximation of LCIS in O(n'®polylog(n)) time
@ Case 1: L < y/n/e, use O(nLloglog n) algorithm

@ Case 2: L > y/n/e

e delete elements occuring more than %\/n/s times
e at most \/ne such elements, output decreased by at most €L

nl

5 ) ) L. s
e reduced to s matching pairs, solve it in O(%polylog(n))

@ Can we improve it? Would imply subcubic approx for 3-LCS

Thank you!
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