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Cj = ZAik - By
K

Product of two n X n matrices in time:

o(n®) naive

O(n?8) 1969  Strassen

O(n*") 1979 Pan

O(n*>78) 1979 Bini et al.

O(n%5%) 1981 Schoenhage

0(n253) 1981 Pan

O(n*52) 1982 Romani

O(n*50) 1982  Coppersmith, Winograd
O(n*48) 1986 Strassen

O(n?379) 1987 Coppersmith, Winograd
0O(n?37) 2010 Stothers

O(n?3729) 2012  Vassilevska Williams
O(n?3728539) 2014  Le Gall
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r MATHEMATICIANS ARE WEIRD l

Cj=> Au- By
k

YOU KNOW
THAT THING THAT
WAS 23728642~

Product of two n X n matrices in time:

o(n®) naive ’

O(n?81) 1969  Strassen 0T “’ﬂmn&rwz applasse
O(n*7) 1979 Pan g NN
O(n278) 1979 Bini et al. ¢ \ ’
O(n%5%) 1981 Schoenhage

) 1981 Pan

0(n?>5?) 1982 Romani

O(n*50) 1982  Coppersmith, Winograd

O(n*48) 1986  Strassen

O(n?379) 1987  Coppersmith, Winograd

0O(n?37) 2010 Stothers

O(n?372%) 2012 Vassilevska Williams

O(n?3728539) 2014  Le Gall
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r MATHEMATICIANS ARE WEIRD l

Cj=> Au- By
k

YOU KNOW
THAT THING THAT
WAS 23728642~

Product of two n X n matrices in time:

Oo(n®) naive »

O(n*8! 1969  Strassen oot *W;W., s
OEn2.79; 1979 Pan SN \\Q - //
0(n*"®) 1979  Bini et al. ¢ S '
O(n?%%) 1981 Schoenhage

O(n*53) 1981 Pan

O(n?%?) 1982  Romani

O(n?%%) 1982 Coppersmith, Winograd

O(n*48) 1986  Strassen

O(n?376 1987 Coppersmith, Winograd

OEn2'373; 2010 StoricFI:ers : w = best exponent
O(n*3729) 2012 Vassilevska Williams

O(m372869) 2014  Le Gall
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r MATHEMATICIANS ARE WEIRD l

Cj=> Au- By
k

YOU KNOW
THAT THING THAT
WAS 23728642~

Product of two n X n matrices in time:

Oo(n®) naive »

O(n*8! 1969  Strassen oot *W;W., s
OEn2.79; 1979 Pan SN \\Q PP//
0(n*"®) 1979  Bini et al. ¢ S '
O(n?%%) 1981 Schoenhage

O(n*53) 1981 Pan

O(n?%?) 1982  Romani

O(n?%%) 1982 Coppersmith, Winograd

O(n*48) 1986  Strassen

O(n?376 1987 Coppersmith, Winograd

OEn2'373; 2010 StoricFI:ers : w = best exponent
O(n*3729) 2012 Vassilevska Williams ] )
O(m23728%9) 2014  Le Gall Big open question:

Does w =27
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(min, +)-product :  Cjj = mkin Aik + By
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(min, +)-product :  Cjj = mkin Aik + By

equivalent to All-Pairs Shortest Paths (in weighted graphs)
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(min, +)-product :  Cjj = mkin Aik + By

equivalent to All-Pairs Shortest Paths (in weighted graphs)

O(n%) naive
O(n3/ exp(v/logn)) 2013  Williams
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(min, +)-product :  Cjj = mkin Aik + By

equivalent to All-Pairs Shortest Paths (in weighted graphs)

O(n%) naive
O(n®/exp(y/logn)) 2013  Williams

APSP-Hypothesis: no O(n?%) algorithm
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Easy Hard

(4, x)-product (min, +)-product
O(n*) O(n*—°M)
w < 2.373
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Equality product (+,=)
Dominance product (+, <)

Easy Minimur‘n witnes.s product Hard
All-Pairs LCA in DAGs
(+, % )-product (min, max)-product (min, +)-product
All-Pairs Bottleneck Paths
O(nw) Approximate APSP O(n?’*o(l))
w < 2.373 (min, <)-product

All-Pairs Increasing Paths
Unweighted directed APSP
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Equality product (+,=)
Dominance product (+, <)

Easy Minimur‘n witnes.s product Hard
All-Pairs LCA in DAGs
(+, % )-product (min, max)-product (min, +)-product
All-Pairs Bottleneck Paths
O(nw) Approximate APSP O(n?’*o(l))
w < 2.373 (min, <)-product

All-Pairs Increasing Paths
Unweighted directed APSP

O(n(w+3)/2)
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Equality product (+,=)
Dominance product (+, <)

Easy Minimur‘n witnes.s product Hard
All-Pairs LCA in DAGs
(+, % )-product (min, max)-product (min, +)-product
All-Pairs Bottleneck Paths
O(nw) Approximate APSP O(n?’*o(l))
w < 2.373 (min, <)-product

All-Pairs Increasing Paths

Unweighted directed APSP | Sometimes improvements via
rectangular matrix multiplication,

O(nle+3)/2) A s
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Equality product (+,=)
Dominance product (+, <)

Easy Minimur‘n witnes.s product Hard
All-Pairs LCA in DAGs
(+, % )-product (min, max)-product (min, +)-product
All-Pairs Bottleneck Paths
O(nw) Approximate APSP O(n?’*o(l))
w < 2.373 (min, <)-product

All-Pairs Increasing Paths

Unweighted directed APSP | Sometimes improvements via
rectangular matrix multiplication,

O(nle+3)/2) A s
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Equality product (+,=)
Dominance product (+, <)

Easy Minimur‘n witnes.s product Hard
All-Pairs LCA in DAGs
(+, % )-product (min, max)-product (min, +)-product
All-Pairs Bottleneck Paths
O(nw) Approximate APSP O(n?’*o(l))
w < 2.373 (min, <)-product

All-Pairs Increasing Paths

Unweighted directed APSP | Sometimes improvements via
rectangular matrix multiplication,

O(nle+3)/2) A s

Wide open question: Is the same running time a coincidence?
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Convolution World

Easy Dominance convolution Hard
Apx pattern matching
(4, x)-convolution Min-witness convolution (min, +)-convolution
¢ = Zj aj-bi_; (min, max)-convolution ¢i = min; aj + bj_;

Apx (min, +)-convolution

O(nlog n) Unweighted knapsack O(n2—o(1))
5(n3/2)

Wide open question: Is the same running time a coincidence?
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All-Edge Monochromatic Triangle, AE-MonoA

In:  nx nmatrix C, Cj; = color of edge i —
Out: nxnmatrix A, Aj=3x:Cj=Cy=Cy
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All-Edge Monochromatic Triangle, AE-MonoA

In:  nx nmatrix C, Cj; = color of edge i —
Out: nxnmatrix A, Aj=3x:Cj=Cy=Cy

All-Edge Sparse Triangle, AE-SparseA

In:  edge set E, m = |E]|
Out: A:E—{0,1}, A(i,j)=3k:(i,)),(,k),(k,i) € E
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All-Edge Monochromatic Triangle, AE-MonoA

In:  nx nmatrix C, Cj; = color of edge i —
Out: nxnmatrix A, Aj=3x:Cj=Cy=Cy

Equivalent to listing
up to m triangles [DKPVW'19]

All-Edge Sparse Triangle, AE-SparseA

In:  edge set E, m = |E]|
Out: A:E—{0,1}, A(i,j)=3k:(i,)),(,k),(k,i) € E
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All-Edge Monochromatic Triangle, AE-MonoA

In:  nx nmatrix C, Cj; = color of edge i —
Out: nxnmatrix A, Aj=3x:Cj=Cy=Cy

Equivalent to listing
up to m triangles [DKPVW'19]

All-Edge Sparse Triangle, AE-SparseA

In:  edge set E, m = |E]|
Out: A:E—{0,1}, A(i,j)=3k:(i,)),(,k),(k,i) € E

2w
AE-SparseA in m«+1 time [AYZ'97]
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All-Edge Monochromatic Triangle, AE-MonoA

In:  nx nmatrix C, Cj; = color of edge i —
Out: nxnmatrix A, Aj=3x:Cj=Cy=Cy

Equivalent to listing
up to m triangles [DKPVW'19]

All-Edge Sparse Triangle, AE-SparseA

In:  edge set E, m = |E]|
Out: A:E—{0,1}, A(i,j)=3k:(i,)),(,k),(k,i) € E

AE-SparseA in meit time [AYZ'97]
2w w
AE-SparseA in m=+1~° gives AE-MonoA in n5 =0 [VWWY'10]
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All-Edge Monochromatic Triangle, AE-MonoA

In:  nx nmatrix C, Cj; = color of edge i —
Out: nxnmatrix A, Aj=3,:Cj= Cy=Cy

Equivalent to listing
up to m triangles [DKPVW'19]

All-Edge Sparse Triangle, AE-SparseA

In:  edge set E, m = |E]|
Out: A:E—{0,1}, A(i,j)=3k:(i,)),(,k),(k,i) € E

AE-SparseA in meit time [AYZ'97]
2w w
AE-SparseA in m=+1~° gives AE-MonoA in n5 =0 [VWWY'10]

AE-MonoA in n°/?2=¢ gives 3SUM in n®>~°

In: az,a0,..., an €%
Out: aj +aj+ax =0
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AE-MonoA
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Unweighted APSP MinWitness

' 1
' 1
' 1
1 ST 1
' !
' !

v o’ IR

AE-MonoA Min-Max

Adam Polak Monochromatic Triangles, Intermediate Matrix Products, and Convolutio



Unweighted APSP MinWitness

1
1 ~ /’ 1
T (n) for lower gives ! \\(’ \
O(T(n)) for upper ! AN !
o’ e Y

AE-MonoA Min-Max
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Unweighted APSP MinWitness

T (n) for lower gives E \\(’/ \
O(T(n)) for upper ! AN '
v o’ RIS
3SUM wererrererrereneens » AE-MonoA Min-Max
AE-SparseA
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Adam Polak

AP-LCA in DAGs
Unweighted APSP MinWitness

1
1 ~ /’ 1
T (n) for lower gives ! \\(’ '
O(T(n)) for upper ! AN '
v o’ e Y

3SUM wererrererrereneens » AE-MonoA Min-Max

AP-BottleneckPaths
ApproximateAPSP

AE-SparseA
TriangleListing (t = m)
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| AP-LCA in DAGs
- Unweighted APSP MinWitness

TriangleListing (t = m)

T(n) for lower gives E \\</’ : |
O(T(n)) for upper ' TN : |
(TTTToo \ : o’ e Y :
| 3SUM -qreeeeeeeee t----» AE-MonoA Min-Max }
o " | AP-BottleneckPaths |
0O(n?) 1 ApproximateAPSP |
O(n(3+w)/2)

| AE-Sparse/A }

O(m2w/(w+1)) : |
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Theorem
Min-Max in T(n) time gives UnweightedAPSP in T(n) log n time

.
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Theorem
Min-Max in T(n) time gives UnweightedAPSP in T(n) log n time

Definition: D<?' := matrix of shortest paths of length up to 2/
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Theorem
Min-Max in T(n) time gives UnweightedAPSP in T(n) log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
DS? - DS? ... DS2*

log n rounds
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Theorem
Min-Max in T(n) time gives UnweightedAPSP in T(n) log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
Input = D2 — D2 ... o DS2™

log n rounds
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Theorem
Min-Max in T(n) time gives UnweightedAPSP in T(n) log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
Input = DS? — DS? — ... — DS2*" — Qutput

log n rounds
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Theorem
Min-Max in T(n) time gives UnweightedAPSP in T(n) log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
Input = DS? — DS? — ... — DS2*" — Qutput

log n rounds

. i i+1
i-th round: D% — D<?
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Theorem
Min-Max in T(n) time gives UnweightedAPSP in T(n)log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
Input = DS? — DS? — ... — DS2*" — Qutput

log n rounds

. i i+1
i-th round: D% — D<?

20 . J4 l
Even paths: u*~ v iff u~ w~sv
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Theorem
Min-Max in T(n) time gives UnweightedAPSP in T(n)log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
Input = DS? — DS? — ... — DS2*" — Qutput

log n rounds

. i i+1
i-th round: D% — D<?

20 . J4 l
Even paths: u*~ v iff u~ w~sv

D52y [ullv] = miny, 2 - max(D<? [u][w], D<* [w][v])
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Theorem
Min-Max in T(n) time gives UnweightedAPSP in T(n)log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
Input = DS? — DS? — ... — DS2*" — Qutput

log n rounds

. i i+1
i-th round: D% — D<?

20 . J4 l
Even paths: u*~ v iff u~ w~sv

D52y [ullv] = miny, 2 - max(D<? [u][w], D<* [w][v])

D52 = 2. Min-Max(D<? , D<?')

even
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Theorem

Min-Max in T(n) time gives UnweightedAPSP in T(n)log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
Input = DS? — DS? — ... — DS2*" — Qutput

log n rounds

. i i+1
i-th round: D% — D<?

Even paths:

Odd paths:

2/ . V4 V4
u~~v iff u~>w~sv

D52y [ullv] = miny, 2 - max(D<? [u][w], D<* [w][v])

D52 = 2. Min-Max(D<? , D<?')

even

DS2™ = 2. Min-Max(D<?, D<? — 1) 41
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Theorem

Min-Max in T(n) time gives UnweightedAPSP in T(n)log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
Input = DS? — DS? — ... — DS2*" — Qutput

log n rounds

. i i+1
i-th round: D% — D<?

Even paths:

Odd paths:

Combined:

u 2 v iff u L w L v
D52, [u][v] = miny, 2 - max(D<2'[u][w], D<? [w][v])

D52 = 2. Min-Max(D<? , D<?')

even
DS2™ = 2. Min-Max(D<?, D<? — 1) 41

<2i+1 o . <2i+1 <2i+1
D - mm(Deven 7Dodd )
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Theorem

Min-Max in T(n) time gives UnweightedAPSP in T(n)log n time

Definition: D<?' := matrix of shortest paths of length up to 2/

0 1 log n
Input = DS? — DS? — ... — DS2*" — Qutput

log n rounds

. i i+1
i-th round: D% — D<?

Even paths:

Odd paths:

Combined:

u 2 v iff u L w L v
D52, [u][v] = miny, 2 - max(D<2'[u][w], D<? [w][v])

D52 = 2. Min-Max(D<? , D<?')

even
DS2™ = 2. Min-Max(D<?, D<? — 1) 41

<2i+1 . . <2i+1 <2i+1
D =min(D5s, DSy ) ]
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AP-LCA in DAGs
Unweighted APSP MinWitness

TriangleListing (t = m)

””” N Lf/ \‘s \:, :
| 3SUM -qreeeeeeeee t----» AE-MonoA Min-Max }
B ' 1 AP-BottleneckPaths |
0O(n?) 1 ApproximateAPSP |
O(n(3+w)/2)

| AE-Sparse/A }

O(m2w/(w+1)) : |
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Monochromatic Convolution

In: Integer sequences a, b, ¢ of length n
Out:  Binary sequence d, s.t. d[i] = 3; : a[j] = b[i — j] = c[i]
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Monochromatic Convolution

In: Integer sequences a, b, ¢ of length n
Out:  Binary sequence d, s.t. d[i] = 3; : a[j] = b[i — j] = c[i]

O(n*?®) time algorithm: FFT for \/n most frequent values,
+ brute-force remaining values
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Monochromatic Convolution

In: Integer sequences a, b, ¢ of length n
Out:  Binary sequence d, s.t. d[i] = 3; : a[j] = b[i — j] = c[i]

O(n*?®) time algorithm: FFT for \/n most frequent values,
+ brute-force remaining values

MonoConvolution in n*>~¢  gives 3SUM in n?>~°
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Monochromatic Convolution

In: Integer sequences a, b, ¢ of length n
Out:  Binary sequence d, s.t. d[i] = 3; : a[j] = b[i — j] = c[i]

O(n*?®) time algorithm: FFT for \/n most frequent values,
+ brute-force remaining values

15-¢ gives 3SUM in n>~9

3SUM in n>~¢ gives MonoConvolution in n

MonoConvolution in n
1.5-6
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Monochromatic Convolution

In: Integer sequences a, b, ¢ of length n
Out:  Binary sequence d, s.t. d[i] = 3; : a[j] = b[i — j] = c[i]

O(n*?®) time algorithm: FFT for \/n most frequent values,
+ brute-force remaining values

15-¢ gives 3SUM in n>~9

3SUM in n>~¢ gives MonoConvolution in n

MonoConvolution in n
1.5-6

Fine-grained equivalence between problems of different runtimes!
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AP-LCA in DAGs
Unweighted APSP MinWitness

TriangleListing (t = m)

””” N Lf/ \‘s \:, :
| 3SUM -qreeeeeeeee t----» AE-MonoA Min-Max }
B ' 1 AP-BottleneckPaths |
0O(n?) 1 ApproximateAPSP |
O(n(3+w)/2)

| AE-Sparse/A }

O(m2w/(w+1)) : |
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| AP-LCA in DAGs
- Unweighted APSP MinWitness

, . ‘ .
. MonoConvolution |

I
I
|
~ |
| |
| |
—
—
| |
| |
-
I
I
I
|
<______
\
\
\ 7
N7
A
7’
’
4
7/

L” A v
| 3SUM -qreeeeeeeee t----» AE-MonoA Min-Max
o / | AP-BottleneckPaths
O(n?) 1 ApproximateAPSP
O(n(3+w)/2)
AE-SparseA }
O(m2w/(w+1)) |

| TriangleListing (t = m)
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o AP-LCA in DAGs
: 3 ~ Unweighted APSP MinWitness

I
|
|
|
-
| |
| |
— 3
—
| I
| I
- |
|
|
|
N
<______
\
\
\ /
N7
A
7’
’
4
7/
"2

TriangleListing (t = m)

L” v
| 3SUM -qreeeeeeeee t----» AE-MonoA Min-Max
o / | AP-BottleneckPaths
O(n?) 1 ApproximateAPSP
O(n(3+w)/2)
| AE-Sparse/A }
O(m2w/(w+1)) : |
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Unweighted APSP MinWitness

I
|
I
I
I
\ I
I
\ 1 ~ s
,,,,,,,,,,,,, s N 7 1
1 <
! 20N 1
| 1 ’, ~
| L N |
| ~
- - - 1 e ~ !
/ N I v oK A v I
| I
I
I
I
I
I
I

l ) AP-LCA in DAGs

| 3SUM - t----» AE-MonoA Min-Max
o / | AP-BottleneckPaths
O(n?) 1 ApproximateAPSP
O(n(3+w)/2)
AE-SparseA }
O(m2w/(w+1)) |

| TriangleListing (t = m)
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